semiconductors in the range of 0 # x # 0.25. We then explicitly computed the electron relaxation time and both the electronic and lattice thermal conductivities of Mg 2 Si 1Àx Pb x (0 # x # 0.25) and studied the effect of Pb concentration on the Seebeck coefficient, electrical conductivity, thermal conductivity, and thermoelectric figure of merit (ZT). At low Pb concentration (x ¼ 1/16), the ZT of the Mg 2 Si 1Àx Pb x solid solutions (up to 0.67 at 900 K) reaches a maximum and is much higher than that of Mg 2 Si.
Introduction
Mg 2 X IV (X IV ¼ Si, Ge, Sn) compounds and their solid solutions are promising candidates as mid-temperature thermoelectric materials because of their relatively high gure of merit ZT, good mechanical strength and chemical stability, low cost, low density, and environmental friendliness. [1] [2] [3] [4] [5] [6] 53 A good thermoelectric material has a high gure of merit ZT, dened as, ZT ¼ a 2 sT/k, where a is the Seebeck coefficient, s is the electrical conductivity, k is the thermal conductivity, and T is the absolute temperature. To increase the ZT of Mg 2 X IV compounds and their solid solutions, many methods have been proposed over the last few decades, such as carrier doping, 7-12 nanostructuring, 13,14 electron-energy ltering, 15, 16 band-structuring engineering, [17] [18] [19] and band convergence.
20-22
With those great efforts, the ZT among Mg 2 X IV compounds and their solid solutions has been greatly improved. [21] [22] [23] [24] [25] [26] [27] Liu et al. 21 synthesized a series of Mg 2 Si 1Àx Sn x solid solutions (0.2 # x # 0.8) and measured their transport properties. Their rst-principles calculation conrmed that two low-lying conduction bands of Mg 2 Si 1Àx Sn x coincide in energy at x z 0.7. At this concentration, the Seebeck coefficient a of Mg 2 Si 1Àx Sn x is maximized and yields the highest ZT (1.3 around 700 K). Furthermore, they reported that the thermoelectric performance of Mg 2 Sn 0.75 Ge 0.25 can be better than that of Mg 2 Si 0.3 -Sn 0.7 . They found a similar band convergence in Mg 2 Sn-Mg 2 Ge solid solutions near the composition Mg 2 Sn 0.75 Ge 0.25 and the highest ZT for Mg 2 Sn 0.75 Ge 0.25 is 1.4 at 723 K. 24 Mao et al. 27 investigated the thermoelectric properties of Mg 2 Sn-Mg 2 GeMg 2 Si solid solutions. The maximum ZT among these solid solutions is about 1.3 at 723 K. Recently, Muthiah et al. 28 experimentally investigated thermoelectric properties of Mg 2 Si doped with 2 at% of Pb. They found that, by Pb doping, thermoelectric performance of Mg 2 Si can be greatly enhanced. The main reason is that the electrical conductivity s increases enormously, leading to an increase of ZT, although the huge increase of s in Pb-doped Mg 2 Si is due to the formation of metallic Pb/Mg 2 Pb phase at the grain boundaries. Note that Mg 2 Si and Mg 2 Pb have the same crystal structure type, but their electronic properties are quite different -the former is a semiconductor, while the latter is a metal. We here note that Mg 2 Si and Mg 2 Pb may form limited solid solutions (Mg 2 Si 1Àx Pb x , 0 # x # 1), that means electronic structures of Mg 2 Si 1Àx Pb x solid solutions will vary with Pb/Si ratio, which is convenient for tuning their properties. To the best of our knowledge, there are few works related to thermoelectric properties of Mg 2 Si 1Àx Pb x solid solutions.
In the present work, we investigate structures and electronic properties of various Mg 2 Si 1Àx Pb x solid solutions using rst-principles calculations. Firstly, we nd that Mg 2 Si 1Àx Pb x would become potential thermoelectric semiconductors in the range of 0 # x # 0. 25 
Methods
Structure relaxations and total energy calculations were performed within density functional theory (DFT) using the projected augmented wave (PAW) method 29 as implemented in the VASP code. 30, 31 We used the Perdew-Burke-Ernzerhof functional corresponding to the generalized gradient approximation (GGA-PBE). 32 The cutoff for the plane-wave basis was set to 600 eV and the Brillouin zone was sampled using G-centered uniform Monkhorst-Pack (MP) meshes 33 with the resolution of 2p Â 0.02 A À1 in all calculations. All geometries were fully optimized until the total energy difference between consecutive cycles was less than 10 À8 eV and the maximum HellmannFeynman force was less than 10 À3 eVÅ
À1
. To get more accurate band structures, hybrid functional (HSE06) 34, 48 was used and spin-orbit coupling was neglected in our calculation.
For calculation of the interatomic force constants (IFCs) for each structure, a 2 Â 2 Â 2 supercell was built and the realspace nite displacement method 35 was applied. The dynamical matrix was constructed based on the harmonic IFCs and phonon frequencies were obtained by diagonalizing the dynamical matrix using the PHONOPY package.
36
Transport properties (Seebeck coefficient, electrical conductivity, and the electronic contribution to the thermal conductivity) were calculated in the framework of Boltzmann transport theory as implemented in the BoltzTrap code.
37 GGA-PBE was applied and the Brillouin zone was rstly sampled by a 6 Â 6 Â 6 Monkhorst-Pack k-point mesh (20 points in the irreducible part of the Brillouin zone). Then a 41 Â 41 Â 41 Monkhorst-Park k-point mesh (1771 in the IBZ) was used for the calculation of transport properties. Aer that, necessary derivatives were calculated on a FFT grid ve times as dense. Moreover, for all structures, band gaps were set equal to the results of hybrid functional calculation in order to correct the well-known problem of GGA-PBE, which underestimate the band gap.
Lattice thermal conductivity of each structure was calculated based on a full iterative solution to the Boltzmann transport equation, as implemented in ShengBTE code. 38, 39 Its main inputs are sets of second-and third-order interatomic force constants. For second-order IFCs, the results of PHONOPY calculation were directly used, while for third-order IFCs, a 2 Â 2 Â 2 supercell was built and a nite-difference approach were employed. All interactions up to third-nearest neighbors were considered, noting that it is enough to get satisfactorily converged values. Aer harmonic and anharmonic IFCs were obtained, a 13 Â 13 Â 13 q-point grid was used, meanwhile, both Born effective charges and dielectric tensors, which are required to determine the non-analytical part of the dynamical matrix, were involved in order to get the nal thermal conductivity. At the same time, total Grüneisen parameter can be obtained as a weighted sum of the mode contributions.
To obtain absolute ZT values, electron relaxation time has to be calculated. Electron self-energy was calculated by combining QUANTUM ESPRESSO code 40 with EPW code. 41 Mg 2 Si and Mg 2 Pb primitive cell were used and the ground-state structures were computed within the local density approximation (LDA) of DFT as implemented in QUANTUM ESPRESSO code. Normconserving pseudopotentials were used to describe the corevalence interaction, and plane-wave kinetic energy cutoffs of 55 Ry and 70 Ry were used for the plane-wave basis set of Mg 2 Si and Mg 2 Pb, respectively. For both structures, the electronic states on 7 Â 7 Â 7 k-point grid using DFT and the vibrational states on 7 Â 7 Â 7 q-point grid using DFPT 42 were calculated. Then, the electron-phonon (e-ph) matrix elements were computed using these coarse grids. Later, in order to get the electron self-energy P e-ph n,k associated with the electron-phonon interaction, where n is band number and k is k point in the Brillouin zone, these quantities are needed to be interpolated on signicantly ner grids up to 50 Â 50 Â 50 using an interpolation procedure based on Wannier functions implemented in the EPW code. Aer electron-phonon self-energy P e-ph n,k was obtained, the e-ph scattering rate G e-ph n,k was computed from the imaginary part of the self-energy as G e-ph
n,k ), and then the relaxation time dened as s n,k ¼ (G 
Previous study has shown that for good performance of a thermoelectric material, its bandgap should be in the range from 0.1 eV to 1 eV. Therefore, we need to investigate the composition range in which the bandgap can full that condition. Fig. 3 shows the formation energies of Pb impurity pairs in Mg 2 Si as a function of pair distance. The formation energy of the Pb pair at innite distance is also given, which can be calculated by adding up the formation energy of an isolated Pb defect. 2 Pb as references, we calculated their formation enthalpies at 0 K and constructed the thermodynamic convex hull. As shown in Fig. 4 , all these three structures possess positive formation enthalpies, indicating that they are metastable structures. However, all these three structures are within thermodynamically synthesize range because of their small positive formation enthalpies (less than 0.03 eV per atom). Fig. 5 and S1 (ESI †) . For all the four Mg 2 Si 1Àx Pb x structures, edges of the conduction bands and valence bands are asymmetric, and the conduction band minimum (CBM) and valence band maximum (VBM) occur at the gamma point in the k space. With the increasing of Pb concentration, band gap of Mg 2 Si 1Àx Pb x decreases.
Thermoelectric properties of
We focus on the bands closest to Fermi level because they are important to determine the transport properties. Clearly, the three valence bands' positions in each Mg 2 Si 1Àx Pb x structures are lied with the increasing of Pb concentration and their shapes and relative positions are almost unchanged. For the three conduction bands in each Mg 2 Si 1Àx Pb x structures, their situations are totally different (see Fig. S1 , ESI †). In Mg 2 Si, these three conduction bands separate at gamma point, and the second lowest band and the third lowest band lie above the CBM by $8 meV and $22 meV. As Pb concentration increases, the interaction between impurity states and host conductionband states causes the above two bands to degenerate and the splitting between the CBM and those two bands is 5 meV, 10 meV and 576 meV, respectively, for Mg 64 Si 31 introduced into Mg 2 Si structure, three acoustic branches are lowered relative to those of Mg 2 Si, which may suggest stronger anharmonicity. We calculated thermoelectric properties for these four Mg 2 -Si 1Àx Pb x structures including electron relaxation time s, Seebeck coefficient a, electrical conductivity s, thermal conductivity k and gure of merit ZT. One important thing to mention is that is for a, s and k e , which were calculated by BoltzTrap, we selected the values with chemical potential near the conduction band minimum, since it is known that Mg 2 Si and its solid solutions usually are n-type thermoelectric materials.
Note that in most works, in order to get the absolute electrical conductivity calculated by BoltzTrap, electron relaxation time is either assumed to be constant or calculated by an empirical formula deduced from experimental values. 52 In this work, we nd an effective non-empirical method 49, 50 to calculate the electron relaxation time at different temperatures. This method may tend to overestimate the relaxation time at high temperatures because it only considers harmonic effects. A quantitative method to account for anharmonicity is still lacking. Fig. 7 shows temperature-dependent relaxation time of Mg 2 Si and Mg 2 Pb. For both materials, relaxation time decreases with temperature, but Mg 2 Si shows stronger variation than Mg 2 Pb. The relaxation time of Mg 2 Si is an order of magnitude higher than that of Mg 2 Pb in the entire temperature range, suggesting that the electron-phonon interaction is much stronger in Mg 2 Pb than in Mg 2 Si. Fig. 8 from the results of BoltzTrap calculation). Besides, the band gap we used in order to correct the results of GGA-PBE also has an evident inuence on the results of transport coefficients. As can be seen in Fig. 8 , we also show the results of Mg 2 Si without band gap correction. There is clear difference induced by the correction, especially in the high temperature range. Note that the electrical conductivity and electronic part of thermal conductivity calculated by BoltzTrap are in units of the electron relaxation time; they are dened as s/s and k e /s. To get s and k e for all these four structures, we need the relaxation time of each structure. Calculation of the relaxation time is quite burdensome and time-consuming, especially for a large cell. Since we have obtained s of Mg 2 Si and Mg 2 Pb, We assume that s has a linear dependence with composition x,
In practice, s decreases more than linearly with composition x, and the calculated s and k e can be used as upper bounds. Fig. 9 shows the electrical conductivity (s) of these four Mg 2 Si 1Àx Pb x structures as a function of temperature. s of Mg 2 Si matches well with those experimental results which have high electron concentration. Besides the reasons laid out in the discussion of the Seebeck coefficient, the relaxation time s also has a great inuence on the results of s and k e . We can see these four structures have similar electrical conductivity, due to the similar carrier concentration near conduction band minimum. Fig. 10 shows the temperature dependence of the total thermal conductivity (k ¼ k e + k L ) and lattice thermal conductivity (k L ) of these four 
in which M is the average mass, n m the mean speed of sound, g the Grüneisen parameter, V the average volume per atom, and N the number of atoms per primitive unit cell. Because of the introduction of Pb, V and g increase. We obtained thermodynamic Grüneisen parameters from 300 K to 850 K for these four structures, which is a result of ShengBTE calculation. As listed in Table 1 . Fig. 11 shows the temperature dependence of the gure of merit (ZT) of Pb-doped Mg 2 
Conclusions
First-principles calculations combined with Boltzmann transport equation were used to study Mg 2 Si 1Àx Pb x solid solutions. The analysis of band structure features has shown that the composition x should be in the range of 0 # x # 0.25 in order to be potential thermoelectric materials. Furthermore, four structures including Mg 2 Si, Mg 64 Si 31 Pb, Mg 64 Si 30 Pb 2 and Mg 8 -Si 3 Pb were studied in detail. Their band structures show that Pb impurities mainly inuence the conduction bands near the Fermi level. As the Pb concentration increases, low-lying conduction band splits and goes towards the Fermi level. Then transport properties including electron relaxation time s, Seebeck coefficient a, electrical conductivity s, lattice thermal conductivity k L and thermoelectric gure of merit ZT were calculated between 300 K and 900 K. The computed s indicates that the electron-phonon interaction is much stronger in Mg 2 Pb than in Mg 2 Si. Computed a and s are close to experimental values with proper electron concentration, and k L matches well with experimental values. As for ZT, it shows that doping Pb can improve the ZT compared with that of Mg 2 Si. Mg 64 Si 30 Pb 2 shows a maximum value of ZT ¼ 0.67 at 900 K. The ZT value itself is not impressive, but it opens a way to optimize the thermoelectric properties of Mg 2 Si. Our calculation shows that, it is the reduction of lattice thermal conductivity that mainly improves thermoelectric performance and it can still be improved by optimising the concentration of Pb. Most importantly, this work shows that fully ab initio calculations of thermoelectric properties are possible, and provide accurate results.
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